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An electric current from a ferromagnet into a non-magnetic material can induce a spin-dependent
electron temperature. Here it is shown that this spin heat accumulation, when created by tunneling
from a ferromagnet, produces a non-negligible voltage signal that is comparable to that due to the
coexisting electrical spin accumulation and can give a different Hanle spin precession signature.
The effect is governed by the spin polarization of the Peltier coefficient of the tunnel contact, its
Seebeck coefficient, and the spin heat resistance of the non-magnetic material, which is related to the
electrical spin resistance by a spin-Wiedemann-Franz law. Moreover, spin heat injection is subject
to a heat conductivity mismatch that is overcome if the tunnel interface has a sufficiently large
resistance.
PACS numbers: 72.25.Hg, 73.40.Gk, 72.20.Pa, 85.75.-d
Creation and detection of spin information are at the
heart of spintronics, the study and use of spin degrees of
freedom [1]. Electronic spin transport is described by a
two-channel model where transport is separately consid-
ered for each spin (σ =↑, ↓) population [2–4]. When a
current is applied between a ferromagnetic contact and
a non-magnetic material, it induces a spin accumulation
∆µ = µ↑ − µ↓ described by a splitting of the electro-
chemical potentials µσ of the two spin channels in the
non-magnetic material [5–8]. Direct electrical detection
of the spin accumulation is achieved via the Hanle ef-
fect, where a magnetic field induces spin precession and
suppresses ∆µ, giving a measurable voltage signal. In-
terestingly, spin current in ferromagnetic tunnel contacts
can be created both by an electrical bias [9, 10] or by a
thermal bias [11, 12]. The latter approach of thermal spin
injection is possible due to the spin dependence of ther-
moelectric properties in magnetic materials and nanode-
vices, which lead to interactions between spin and heat
transport currently studied in the field of spin caloritron-
ics [13, 14]. This raises the question: do Hanle mea-
surements only detect a difference in electrochemical po-
tentials µσ, as hitherto assumed, or also a difference in
temperatures T σ between the two spin channels?
In this work we address the creation and detection of a
spin heat accumulation ∆Ts = T
↑−T ↓ in a non-magnetic
material via a ferromagnetic tunnel contact. It is consid-
ered here that tunneling transport is accompanied by a
spin-dependent heat flow if the Peltier coefficient of the
tunnel contact depends on spin, and that this produces
a spin heat accumulation and an additional contribution
to the voltage signal in a Hanle measurement. Spin heat
accumulation is a concept previously studied theoreti-
cally within the context of metallic spin-valve structures
[15–17] and only very recently it has been observed as
a spin-dependent heat conductance in metallic current-
perpendicular-to-plane spin-valve nanopillars [18]. Here,
we provide an explicit evaluation for the spin heat ac-
cumulation at the tunnel interface between a ferromag-
net and a non-magnetic material. Notably, we introduce
the notion of an associated heat conductivity mismatch,
similar to that for spin accumulation [19–23], which lim-
its the magnitude of spin heat accumulation and can be
overcome with the tunnel interface. Most importantly,
we show that the widely employed Hanle measurement to
detect spin accumulation has another contribution from
the spin heat accumulation that can be comparable in
magnitude and has a line width set by the spin heat re-
laxation time. It cannot be neglected a priori and needs
to be considered for a correct interpretation of experi-
mental data.
We consider the case of a three-terminal geometry,
where the same contact is used for driving an electri-
cal current and measuring the voltage signal, as com-
monly used for spin injection into semiconductors [7, 8],
although the basic physics also applies to other device ge-
ometries, such as the non-local one. Such a tunnel junc-
tion with a ferromagnetic electrode and a non-magnetic
semiconductor electrode is depicted in Fig. 1. We de-
scribe each spin population in the non-magnetic mate-
rial by a Fermi-Dirac distribution with spin-dependent
temperatures T ↑ and T ↓. This is strictly valid only
when thermalization within each spin channel is suffi-
ciently fast compared to energy exchange between the
spin channels. In general, the distributions could be non-
thermal and we should regard T σ as effective tempera-
tures [17, 18]. For the ferromagnet we assume negligible
spin and spin heat accumulations due to stronger spin-flip
and inelastic scattering processes, so both spin channels
are equilibrated at TF . We define an average electron
temperature T0 = (T
↑ + T ↓)/2 in the non-magnetic ma-
terial, and a temperature difference ∆T0 = T0−TF across
the contact. The charge tunnel currents Iσ and the elec-
tronic heat currents IQ,σ for each spin channel are then
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FIG. 1. Energy band diagram of a ferromagnet-insulator-
semiconductor tunnel junction. The electrons in the semicon-
ductor have spin-dependent temperatures T ↑ and T ↓, whereas
those in the ferromagnet are at TF . Also, a spin accumula-
tion exists in the semiconductor, described by a spin splitting
∆µ = µ↑ − µ↓ of the electrochemical potential. The distribu-
tion functions are indicated by the red lines.
given by [12]
Iσ = Gσ
(
V ∓
∆µ
2 e
)
+ Lσ
(
∆T0 ±
∆Ts
2
)
(1)
IQ,σ = −κel,σ
(
∆T0 ±
∆Ts
2
)
+GσSσT0
(
V ∓
∆µ
2 e
)
(2)
with V the voltage across the junction and κel,σ the elec-
tronic heat conductance of the tunnel barrier in units of
[Wm−2K−1]. Charge currents Iσ are in units of [Am−2],
conductances Gσ in [Ω−1m−2] and heat currents IQ,σ in
[Wm−2]. By definition, I > 0 and IQ > 0 correspond
to electron flow and heat flow, respectively, from the fer-
romagnet to the semiconductor. Furthermore, the On-
sager coefficient L (thermoelectric conductance) is pos-
itive when the conductance below the Fermi energy is
larger than that above it, so the spin-dependent Seebeck
coefficient Sσ = −Lσ/Gσ < 0 for hole-like transport [24].
First we proceed to find the spin current and the spin
heat current injected into the non-magnetic material.
The spin current Is = I
↑ − I↓, and the charge current
I = I↑ + I↓, are obtained from Eq. (1)
I = GV − PGG
(
∆µ
2 e
)
+ L∆T0 + PL L
(
∆Ts
2
)
(3)
Is = PGGV −G
(
∆µ
2 e
)
+ PL L∆T0 + L
(
∆Ts
2
)
(4)
where we have defined the total conductances G = G↑ +
G↓ and L = L↑ + L↓, and their spin polarizations PG =
(G↑ −G↓)/(G↑ +G↓) and PL = (L
↑ − L↓)/(L↑ + L↓).
The total heat current IQ = IQ,↑ + IQ,↓ + IQ,ph con-
tains, in addition to the heat flow by electrons, a dom-
inant contribution due to phonon transport across the
tunnel contact. It is given by IQ,ph = −κph (T ph − TF ),
where κph is the phonon heat conductance of the barrier
(usually dominated by the interfaces [25]), T ph is the
phonon temperature in the non-magnetic electrode, and
we assume that in the ferromagnet phonons and electrons
are fully equilibrated at TF . Phonon heat flow is not pa-
rameterized by the spin variable and does not contribute
to the spin heat current across the barrier. Thus, the
injected spin heat current IQs = I
Q,↑ − IQ,↓ is only due
to the electrons and can be obtained from Eq. (2)
IQs = −P
el
κ κ
el∆T0 − κ
el
(
∆Ts
2
)
−PL LT0 V + LT0
(
∆µ
2 e
)
(5)
where we have defined the total electronic heat conduc-
tance of the tunnel contact κel = κel,↑ + κel,↓, its polar-
ization P elκ = (κ
el,↑ − κel,↓)/(κel,↑ + κel,↓) and used the
relation SσGσ = −Lσ.
Now we can evaluate the contribution of the spin heat
accumulation to a Hanle measurement. Typically, a
Hanle measurement involves the application of a con-
stant electrical current I at the tunnel junction while
spin precession in a magnetic field B perpendicular to
the injected spins causes ∆µ to go to zero. The decrease
in ∆µ depends on the product of the spin-relaxation time
τs and the Larmor frequency ωL = gµBB/~, with g
the Lande´ g-factor, µB the Bohr magneton, and ~ the
reduced Planck constant. Importantly, spin precession
would also cause ∆Ts to go to zero. This can be un-
derstood by considering a packet of hot spins polarized
along +x and an equal amount of cold spins polarized
along −x. A perpendicular field along z causes a preces-
sion of each spin in the x–y plane and thereby a periodic
oscillation of the temperature of the electrons with spin
pointing along +x (or −x) [26]. If the precession fre-
quency ωL is much larger that the inverse of the time
constant τQ, associated with relaxation of the spin heat
accumulation, then the time-average of ∆Ts goes to zero.
Therefore, for such an electrically driven junction, and as-
suming that the spin-averaged temperatures of the elec-
trodes remain constant, the corresponding Hanle signal
∆VHanle = V −V |∆µ,∆Ts→0 can be obtained from Eq. (3)
∆VHanle =
(
PG
2 e
)
∆µ+
(
PL S
2
)
∆Ts (6)
In addition to the well-known Hanle signal arising from
the spin accumulation ∆µ, there is a second up to now
neglected contribution due to the spin heat accumulation
∆Ts. Note that the Hanle curve ∆VHanle vs B, due to
suppression of ∆µ, is Lorentzian [1] and has a width that
is inversely proportional to the spin-relaxation time τs.
Similarly, we expect that the suppression of ∆Ts yields a
Lorentzian Hanle curve having a width that is inversely
proportional to the spin heat relaxation time τQ, such
that ∆Ts(B) ∝ ( 1 + (ωLτQ)
2 )−1. If τQ is sufficiently
different than τs, then the total Hanle signal will consist
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FIG. 2. Hanle signal in a three-terminal configuration and
the contributions corresponding to spin accumulation ∆µ and
spin heat accumulation ∆Ts. The relative magnitude of the
signals is obtained from Eq. (14), assuming (PLS)
2/(P 2GL0) =
1, α = 2, and Rtun ≫ rs. We consider a spin heat relaxation
time τQ < τs, given by τs/τQ = (λs/λQ)
2 = α2.
of two superimposed Hanle curves with different widths,
as depicted in Fig. 2. We remark that the latter directly
follows from the sum of two independent contributions
to the voltage, conform Eq. (6). Interestingly, if a spin
heat accumulation is present, interpreting the total Hanle
signal purely in terms of a spin accumulation would lead
to an underestimation of the spin-relaxation time τs.
Next, we evaluate the created spin accumulation ∆µ
and spin heat accumulation ∆Ts in the non-magnetic ma-
terial. We consider a steady-state condition in which the
spin current Is injected by tunneling is balanced by the
spin current due to spin relaxation processes in the ma-
terial [5], occurring over the spatial extent of ∆µ. Sim-
ilarly, the spin heat current IQs injected by tunneling is
balanced by the heat current between the two spin pop-
ulations due to spin relaxation and inelastic scattering
processes [17], occurring over the spatial extent of ∆Ts.
To relate accumulations and injected currents we define
a spin resistance rs and a spin heat resistance r
Q
s of the
non-magnetic material
∆µ = 2 e Is rs (7)
∆Ts = 2 I
Q
s r
Q
s (8)
where rs is a phenomenological parameter that describes
the conversion of the spin current Is injected by tunnel-
ing, into a spin accumulation with a value of ∆µ right at
the tunnel interface, as before [27]. This definition does
not require us to assume any specific profile of the spin
accumulation in the non-magnetic material. If we do as-
sume that the spin accumulation decays exponentially
away from the tunnel interface with a spin-relaxation
length λs [5], then the spin resistance per unit area is
rs = ρ λs, where ρ is the resistivity of the non-magnetic
material [21, 28, 29]. Similarly, the parameter rQs is de-
fined in terms of the injected spin heat current IQs and the
spin heat accumulation ∆Ts right at the tunnel interface.
Using the definition above for spin heat resistance we
can obtain ∆Ts from Eqs. (5) and (8)
∆Ts =
{
rQs R
Q,el
tun
RQ,eltun + r
Q
s
}
×
[
(2PL V −∆µ/e)
Rtun
S T0 −
2P elκ
RQ,eltun
∆T0
]
(9)
where Rtun = 1/G is the tunnel resistance, and R
Q,el
tun =
1/κel is the electronic thermal resistance of the tunnel
barrier. The two terms within the square brackets rep-
resent the sources of spin-dependent heat flow. The first
one is due to the spin heat current that accompanies the
charge current across the tunnel contact, governed by the
spin polarization PL of the Peltier coefficient [30]. The
second term is present when there is a temperature bias
across the junction, driving a spin-dependent heat flow
if the heat conductance of the tunnel barrier is spin de-
pendent (P elκ 6= 0) [18]. If transport through the tunnel
barrier is elastic, the tunnel resistance and the electronic
thermal resistance of the tunnel barrier are interrelated
by the Wiedemann-Franz law [31]
RQ,eltun =
1
κel
=
1
L0 T0G
=
Rtun
L0 T0
(10)
with L0 ≈ 2.45×10
−8 V 2K−2 the Lorentz number. This
allows us to estimate the magnitude of RQ,eltun and, to-
gether with Eqs. (3) and (9), to obtain an explicit eval-
uation of the spin heat accumulation ∆Ts in terms of
the driving current I. Furthermore, we can also obtain
an explicit evaluation for the spin accumulation ∆µ from
Eqs. (3), (4) and (7). The resulting expressions are
∆µ =
{
rsRtun
Rtun + (1− P 2G)rs
}(
e
Rtun
)[
2PGRtun I + (1− P
2
G) (S
↑ − S↓)∆T0 − (1 − PL PG)S∆Ts
]
(11)
∆Ts =

 r
Q
s R
Q,el
tun
RQ,eltun +
(
1−
P 2
L
S2
L0
)
rQs


(
S T0
Rtun
)[
2PLRtunI − (1− PL PG)
∆µ
e
+ 2
(
PL − P
el
κ
L0
S2
)
S∆T0
]
(12)
4Note the similarity among the terms between curly
brackets in Eqs. (11) and (12). The term in Eq. (11)
corresponds to the known issue of conductivity mismatch
[19–23] which limits the magnitude of the spin accumu-
lation due to back flow of the spins into the ferromagnet
when Rtun < rs. Remarkably, the term in Eq. (12) al-
ludes to an analogous notion of a heat conductivity mis-
match: if the heat resistance RQ,eltun of the tunnel barrier
is smaller than the spin heat resistance rQs of the non-
magnetic material, then the spin heat accumulation is re-
duced by back flow of the spin heat into the ferromagnet.
In order to overcome the heat conductivity mismatch, one
needs to fulfill the condition RQ,eltun ≫ r
Q
s . Note that this
is governed by the electronic heat resistance of the tunnel
contact, since phonons cannot transport spin heat across
the tunnel barrier. This concept is crucial to the creation
of a large ∆Ts, which in recent experimental work was
limited by highly transparent metallic contacts [18].
Finally, we evaluate the magnitude of the spin heat
accumulation and its corresponding contribution to the
Hanle signal. Both are fully described by Eqs. (6), (11)
and (12). In the following, we avoid the in general
lengthy solutions and proceed to make a few practical
simplifications. First, we consider a junction that is
driven electrically, not thermally, so that the spin ac-
cumulation is dominated by electrical spin injection. We
therefore neglect the second term (due to Seebeck spin
tunneling [11]) and third term (due to a non-zero spin
heat accumulation ∆Ts) in Eq. (11), and retain only
the first term proportional to I. Note that the last
term S∆Ts is expected to be smaller than 1 mV, and
thus small compared to Rtun I. Similarly, the domi-
nant term in Eq. (12) for ∆Ts is the first term, pro-
portional to I (due to the spin-dependent Peltier effect).
This is valid since ∆µ/e ≪ Rtun I, and ∆T0 is typically
smaller than S Rtun I/L0 ≈ 40K for reasonable values
of S = 100µVK−1 and Rtun I = 100mV .
Still, there is one parameter with an unknown magni-
tude, the spin heat resistance of the non-magnetic mate-
rial rQs . It can be expressed as [26]
rQs =
rs
L0 T0
×
1
α
(13)
This constitutes a type of spin-Wiedemann-Franz law, re-
lating the electronic spin resistance to the spin heat resis-
tance. The parameter α takes into account the inelastic
scattering processes occurring within the non-magnetic
material which increase the interspin heat exchange.
These microscopic processes, described in Ref. 17, cor-
respond to electron-electron and electron-phonon inter-
actions that cause relaxation of the spin heat accumula-
tion and decrease τQ. We remark that α is related to the
concept of a spin heat relaxation length λQ =
√
D τQ in
the regime of diffusive (heat) transport, with the corre-
sponding diffusion constant D being the same as that for
charge transport since electronic heat transport is asso-
ciated with electrons only. In the case of an exponen-
tially decaying spin (heat) accumulation it follows that
α = λs/λQ, which in recent work [18] has been estimated
to be λs/λQ ≈ 5 for Cu at room temperature. Therefore,
α can indeed be of order one. In general we may expect
α > 1, although the definition [26] of α does not pre-
clude a value smaller than unity. At low temperatures
inelastic scattering processes are reduced [17], so we ex-
pect elastic spin-flip scattering to be the dominant spin
relaxation mechanism and α → 1. Using this result, we
finally obtain for the Hanle signal
∆VHanle
I
= rs (PG)
2
{
Rtun
Rtun + (1− P 2G) rs
}
+
rs
α
(
P 2L S
2
L0
)
 RtunRtun + (1− P 2L S2L0
)
rs
α

 (14)
where the first term is due to ∆µ and the second term is
due to ∆Ts.
The relative magnitude of the two contributions to the
Hanle signal is governed by the ratio PL/PG, by α, and by
the factor S2/L0. The latter is unity for S ≃ 157µV/K,
which, in the Sommerfeld approximation, is the maxi-
mum value with a non-negative entropy production, as
required by the second law of thermodynamics [32]. Pre-
vious work has shown that the Seebeck coefficient of
a tunnel junction is indeed in the order of 100µV/K
[11, 33–35], and for the case of ferromagnetic electrodes
is enhanced by magnons [36, 37]. If PL ∼ PG, the Hanle
signals due to ∆Ts and ∆µ are then comparable in mag-
nitude. Interestingly, both contributions always show the
same sign, because there are only quadratic terms.
We conclude that the spin heat accumulation can make
a significant contribution to the Hanle signal that can-
not be neglected a priori. In principle, it can even be
larger than the regular Hanle signal from the spin accu-
mulation if PL > PG, which can occur when S
↑ 6= S↓
since we have PL = PG− (1−P
2
G)(S
↑−S↓)/(2S). How-
ever, the resulting enhancement of the Hanle signal is not
sufficiently large to explain recent experiments in which
Hanle signals that scale with the tunnel resistance and
are many orders of magnitude larger than predicted by
theory are observed [38–44], as recently reviewed [27, 45].
It would require α ≪ 1 by several orders of magnitude.
To estimate the magnitude of the spin heat accumulation
we use Eq. (12) in the regime without heat conductiv-
ity mismatch (RQtun ≫ r
Q
s ), and retain only the leading
term, so we obtain ∆Ts = 2 rs S PL I/L0 α. For reason-
able parameters at room temperature of rs = 25Ωµm
2,
S = 100µV/K, and PL = 50%, a modest current den-
sity of 107Am−2 would yield a spin heat accumulation
of ∆Ts ≈ 1K (for α = 1).
The creation, manipulation, and detection of spin heat
accumulation is a subject that is still in its infancy. The
realization that it contributes to Hanle measurements,
5given the spin dependence of Peltier coefficients in mag-
netic tunnel contacts, makes it a non-negligible factor
that needs to be taken into account in current studies of
spin injection. It affects the magnitude and width of the
Hanle curve and its variation with temperature, and is
also expected to be present in (non)local spin-valve mea-
surements. The analogy between spin and heat trans-
port, here made explicit by the concept of a heat con-
ductivity mismatch, opens opportunities to address fun-
damental questions about the relaxation of a spin heat
accumulation. How do inelastic processes affect the mag-
nitude of the parameter α in the spin-Wiedemann-Franz
law and the width of the Hanle curve, and how is this be-
havior modified under the presence of a strong spin-orbit
coupling. And is it possible that α < 1, meaning that
the spin heat relaxes slower than the spin accumulation?
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6SUPPLEMENTAL MATERIAL
SPIN-WIEDEMANN-FRANZ LAW
Here we develop in more detail the concept of a spin-
Wiedemann-Franz law used in the main text. First, we
prove mathematically the aforementioned law for the case
of a spin relaxation dominated by elastic spin-flip scatter-
ing. Next, we include inelastic relaxation processes and
define the parameter α. Finally, we show that for elas-
tic spin-flip scattering a non-zero spin heat accumulation
does not induce nor change the spin accumulation.
Spin heat resistance and Wiedemann-Franz law
The standard way to compute the steady state value of
the spin accumulation ∆µ is to balance the net amount of
spins injected per unit time t, with the loss of spins due to
spin relaxation in the non-magnetic material. The latter
is governed by the spin resistance rs, for which rs = ρ λs
is obtained if we assume that ∆µ decays exponentially
away from the tunnel interface with a spin-relaxation
length λs [21, 28, 29]. In a similar way we evaluate the
spin heat resistance rQs , which describes how effective a
(non-equilibrium) spin heat accumulation ∆Ts is relaxed
to zero in a non-magnetic material. Inelastic (electron-
phonon and electron-electron) interactions are possible
relaxation mechanisms. We shall include these later on,
but we first discuss another mechanism, namely, elastic
(or quasi-elastic) spin-flip scattering. The net effect is
that it moves electrons above the Fermi energy from the
hot spin reservoir to the cold spin reservoir, and simul-
taneously moves electrons below the Fermi energy in the
opposite direction. This results in cooling of the hot spin
reservoir and warming up of the colder spin reservoir,
thus equalizing T ↑ and T ↓. Note that there is no net
flow of spin angular momentum if the spin-flip scatter-
ing rate is not dependent on energy (i.e., unlike a spin
accumulation, a non-zero ∆Ts does not give rise to spin
relaxation, even though spin-flip scattering is the rele-
vant scattering process. See the last subsection for an
explicit evaluation).
The energy flow between the two spin reservoirs in the
non-magnetic material is denoted by the spin heat cur-
rent JQVs per unit volume (in Wm
−3). We also introduce
κVs , the volume spin heat conductance (in Wm
−3K−1)
that connects the two spin reservoirs, such that
JQVs = κ
V
s ∆Ts (15)
The total energy flow is obtained by integrating JQVs
over the full spatial extent of the spin heat accumulation,
noting that according to heat diffusion, the spin heat ac-
cumulation is expected to decay exponentially with ver-
tical distance z from the injection interface. That is,
∆Ts(z) = ∆Ts exp(−z/λQ), where λQ is the spin heat
relaxation length. In a steady state, the integrated JQVs
has to be equal to the spin heat current IQs that is in-
jected through the tunnel interface. Thus
IQs =
∫ ∞
0
JQVs dz = κ
V
s
∫ ∞
0
∆Ts(z) dz
= κVs ∆Ts λQ (16)
Comparing this to the relation that defines rQs (Eq. (8)
in the main text) we find that
rQs =
1
2 κVs λQ
(17)
Below it is shown that if the spin heat accumulation
relaxes via elastic or quasi-elastic spin-flip scattering
(only), we have for κVs
κVs =
L0 T0
2 ρ (λels )
2
=
L0 T0
2 rels λ
el
s
(18)
Because in that case also λQ = λ
el
Q = λ
el
s , we finally
obtain
rQs =
rels
L0 T0
(19)
This is an important result, as it constitutes a type of
spin-Wiedemann-Franz law, relating the electronic spin
resistance rs to the spin heat resistance r
Q
s via the
Lorentz number and the temperature.
The final task is to prove Eq. (18) for κVs . We assume
that the spin-flip scattering is predominantly elastic. The
spectral (energy-resolved) spin heat current due to spin-
flip scattering, JQVs (ε), in units of Wm
−3eV−1, is then
JQVs (ε) =
2 εN(ε)
[
f(ε, µ↑, T ↑)− f(ε, µ↓, T ↓)
]
τelsf (ε)
(20)
where ε is the energy with respect to the Fermi energy,
f(ε, µ, T ) is the Fermi-Dirac distribution function, N(ε)
is the density of states per spin in the non-magnetic mate-
rial, and τelsf is the spin-flip time. The factor of 2 appears
because each spin flip reduces the energy difference be-
tween the two spin reservoirs by two units of ε. Note
that τelsf and the elastic spin-relaxation time τ
el
s are re-
lated by τelsf = 2 τ
el
s . If the density of states and the
spin-flip time are not strongly dependent on energy, the
spin heat current per unit volume is given by
JQVs =
∫ ∞
−∞
JQVs (ε) dε (21)
=
N(εF )
τels
∫ ∞
−∞
[
f(ε, µ↑, T ↑)− f(ε, µ↓, T ↓)
]
ε dε
7The following relations are of use:
fi = f0 +
∂f0
∂µ
(µi − µ0) +
∂f0
∂T
(Ti − T0) (22)
∂f0
∂µ
= −
∂f0
∂ε
(23)
∂f0
∂T
= −
∂f0
∂ε
ε
T0
(24)
where f0(ε, µ0, T0) is the equilibrium distribution param-
eterized by µ0 and T0. Using these relations we have
f(ε, µ↑, T ↑)−f(ε, µ↓, T ↓) = −
∂f0
∂ε
∆µ−
∂f0
∂ε
ε
T0
∆Ts (25)
Inserting this into Eq. (21) gives
JQVs =
N(εF )
τels
∫ ∞
−∞
[
−
∂f0
∂ε
ε∆µ−
∂f0
∂ε
ε2
T0
∆Ts
]
dε
(26)
The integral can be evaluated using the Sommerfeld ex-
pansion (see Eq. (3) of Hatami et al. Ref. 13):∫ ∞
−∞
(
−
∂f0
∂ε
)
ε dε = 0 (27)
∫ ∞
−∞
(
−
∂f0
∂ε
)
ε2 dε =
pi2
3
(kT0)
2 = L0 T
2
0 e
2 (28)
We then obtain
JQVs =
N(εF ) e
2
τels
L0 T0∆Ts (29)
Next we use the generalized Einstein relation, µe n
tot =
D e (∂ntot/∂EF ), where µe is the carrier mobility, D the
diffusion constant, ntot is the spin-integrated electron
density, and ∂ntot/∂EF is equivalent to 2N(εF ) (recall
that the latter was defined per spin). Using the resistiv-
ity ρ = 1/(ntot e µe), λ
el
s =
√
D τels , and r
el
s = ρ λ
el
s , we
obtain
JQVs =
1
2 ρ (λels )
2
L0 T0∆Ts =
L0 T0
2 rels λ
el
s
∆Ts (30)
Comparing this to Eq. (15) gives
κVs =
L0 T0
2 rels λ
el
s
(31)
just as it was already used in Eq. (18). Note that the spin
heat current due to spin-flip scattering is proportional
solely to ∆Ts. There is no contribution from the non-
zero ∆µ. This is a direct consequence of the assumption
that the spin-flip time is not dependent on energy.
Wiedemann-Franz law including inelastic relaxation
In the previous subsection we derived a Wiedemann-
Franz type of law for spin resistance, under the assump-
tion that the relaxation of the spin heat accumulation
occurs exclusively via (quasi-) elastic spin-flip scattering.
However, spin heat relaxation occurs also via inelastic
scattering processes.
One inelastic process is electron-phonon (e-ph) scat-
tering. Phonons in the non-magnetic material cause an
indirect energy flow from the hot spin reservoir to the
cold spin reservoir, which can be understood as follows.
In the presence of a non-zero ∆Ts, the temperature dif-
ference ∆Te-ph between electrons and phonons is spin de-
pendent and given by T ↑ − T ph and T ↓ − T ph, respec-
tively. As a result, the heat transfer to the phonons is
spin dependent, which tends to equalize T ↑ and T ↓. For
the specific case where the phonon temperature is equal
to the spin-averaged electron temperature T0, we have
∆T ↑e-ph = +∆Ts /2 and ∆T
↓
e-ph = −∆Ts /2.
Another process is inelastic electron-electron (e-e)
scattering, which causes a direct energy flow between the
two spin reservoirs in the non-magnetic material, which
also tends to equalize T ↑ and T ↓. Note that in the ab-
sence of spin-orbit scattering [17] the e-e interaction does
not cause any additional relaxation of the spin accumu-
lation ∆µ, so its sole effect is to decrease ∆Ts.
Including relaxation via inelastic processes in the
derivation of the spin-Wiedemann-Franz law has impor-
tant effects. First, in Eq. (15) for the spin heat current
JQVs induced by a non-zero ∆Ts, we must add the volume
spin heat conductances κV,e-phs and κ
V,e-e
s due to e-ph and
e-e interactions, respectively. Therefore,
JQVs =
(
κVs + κ
V,e-ph
s + κ
V,e-e
s
)
∆Ts (32)
where we have kept κVs to denote the term due to elastic
spin-flip scattering, given by Eq. (31).
The second effect is that we can no longer set λs = λQ,
as previously done in Eq. (17) for the spin heat resistance.
Let us discuss this in more detail. In the regime of diffu-
sive (heat) transport, we expect that λQ =
√
D τQ, with
the corresponding diffusion constant being the same as
that for charge transport. This is a valid assumption
since electronic heat transport is associated with elec-
trons only. This is analogous to the case of electronic
spin transport where the charge and spin diffusion coeffi-
cients coincide. On the other hand, the inelastic scatter-
ing processes contribute to the relaxation of the spin heat
accumulation, and therefore affect τQ. This spin heat re-
laxation time can be obtained by defining the inelastic
contribution τ inelQ to it via
κV,e-phs + κ
V,e-e
s =
N(εF ) e
2 L0 T0
τ inelQ
(33)
such that, together with κVs = N(εF ) e
2 L0 T0/τ
el
s from
Eq. (29), we have the total volume spin heat conductance
κVs + κ
V,e-ph
s + κ
V,e-e
s =
N(εF ) e
2L0 T0
τQ
(34)
8where
1
τQ
=
1
τelQ
+
1
τ inelQ
(35)
Note that τelQ = τ
el
s . Using Eq. (29) we can now write
τQ = τ
el
s
(
κVs
κVs + κ
V,e-ph
s + κ
V,e-e
s
)
(36)
For the case of κVs ≫ κ
V,e-ph
s + κ
V,e-e
s , this reduces to τ
el
s .
To parameterize the contribution of inelastic scattering
to the interspin energy exchange we define a parameter
α as
1
α2
=
τQ
τs
=
1
τels
+ 1
τ inels
1
τel
Q
+ 1
τ inel
Q
=
λ2Q
λ2s
(37)
The spin heat resistance including inelastic relaxation
processes is obtained after Eq. (17) as
rQs =
1
2
(
κVs + κ
V,e-ph
s + κ
V,e-e
s
)
λQ
(38)
=
τQ
2 τels κ
V
s λQ
=
rels
L0 T0
τQ
τels
λels
λQ
=
rels
L0 T0
λQ
λels
where we have first inserted Eq. (36), then used Eq. (31)
to eliminate κVs and then used that τQ/τ
el
s = (λQ/λ
el
s )
2.
Finally, expressing the spin resistance rels = ρ λ
el
s due to
elastic processes only in terms of the total spin resistance
rs = ρ λs including inelastic processes, we finally obtain
rQs =
rs
L0 T0
×
1
α
(39)
which is the spin-Wiedemann-Franz law as described in
Eq. (13) of the main text.
Spin relaxation with finite spin heat accumulation
For the sake of completeness, we evaluate the spin cur-
rent due to elastic spin-flip scattering in the presence of
a spin heat accumulation using the same approach as in
the first subsection. It is demonstrated that a non-zero
∆Ts does not induce nor change the spin accumulation,
provided that the spin-flip time (and the density of states
around the Fermi level) are not dependent on energy in
the relevant range of a few kT . The spectral spin current
density per unit volume (in Am−3) is
JVs (ε) =
2N(ε)
[
f(ε, µ↑, T ↑)− f(ε, µ↓, T ↓)
]
e
τelsf (ε)
(40)
If τelsf and N do not vary much around the Fermi energy,
the integrated spin current in the presence of a non-zero
∆µ and a non-zero ∆Ts is
JVs =
N(εF ) e
τels
∫ ∞
−∞
[
f(ε, µ↑, T ↑)− f(ε, µ↓, T ↓)
]
dε
(41)
Using Eq. (25) as in the first subsection, this is rewritten
as
JVs =
N(εF ) e
τels
∫ ∞
−∞
[
−
∂f0
∂ε
∆µ−
∂f0
∂ε
ε
T0
∆Ts
]
dε (42)
The second part of the integral, which contains ∆Ts van-
ishes (see Eq. (3) of Hatami et al. Ref. 13). Thus, only a
non-zero ∆µ produces a net spin current and spin relax-
ation. Now, using
∫ ∞
−∞
(
−
∂f0
∂ε
)
dε = 1 (43)
and
N(εF ) e
τels
=
1
2 e ρ (λels )
2
(44)
we obtain
JVs =
1
2 e ρ (λels )
2
∆µ (45)
Assuming that ∆µ(z) = ∆µ exp(−z/λs), and using that
in a steady state, the spatially integrated JVs has to be
equal to the spin current Is that is injected through the
tunnel interface, we obtain
Is =
∫ ∞
0
JVs dz =
1
2 e ρ (λels )
2
∫ ∞
0
∆µ(z) dz
=
1
2 e ρ λels
∆µ =
1
2 e rels
∆µ (46)
where rels = ρ λ
el
s is the spin resistance (in Ωm
2), con-
sistent with the definition of rs in Eq. (7) of the main
text.
HANLE EFFECT AND BLOCH EQUATIONS
In this section we describe the dynamics of the spin
accumulation and the spin heat accumulation due to the
Hanle effect. A spin accumulation in a paramagnetic ma-
terial implies that there is a net non-equilibrium magne-
tization or particle spin density Ns. The particle spin
density is linearly proportional to the spin accumulation
9∆µ if the latter is sufficiently small:
Ns = (N
↑ −N↓)
~
2
=
~
2
∫ ∞
−∞
N(ε)
[
f(ε, µ↑, T ↑n)− f(ε, µ
↓, T ↓n)
]
dε
= N(εF )
~
2
∫ ∞
−∞
[(
−
∂f0
∂ε
)
∆µ+
(
−
∂f0
∂ε
)
ε
T
∆Ts
]
dε
= N(εF )
~
2
∆µ (47)
Similarly, if we denote the energy density by E, then the
energy spin density Es = E
↑ −E↓ is proportional to the
spin heat accumulation ∆Ts:
Es = E
↑ − E↓
=
∫ ∞
−∞
N(ε)
[
f(ε, µ↑, T ↑n)− f(ε, µ
↓, T ↓n)
]
ε dε
= N(εF )
∫ ∞
−∞
[(
−
∂f0
∂ε
)
ε∆µ+
(
−
∂f0
∂ε
)
ε2
T
∆Ts
]
dε
= N(εF ) e
2 L0 T0∆Ts (48)
When a magnetic field is applied transverse to the initial
spin direction (Hanle geometry), the electron magnetic
moments precess at the Larmor frequency. In the next
paragraph we first describe the resulting dynamics of the
particle spin density using the Bloch equations, and then
apply a similar analysis to the energy spin density to
describe the dynamics of the spin heat accumulation.
The Bloch equations that describe the dynamics (pre-
cession and relaxation) of the particle spin density are:
∂Ns,x
∂t
= γ(Ns ×B)x −
Ns,x
τs
(49)
∂Ns,y
∂t
= γ(Ns ×B)y −
Ns,y
τs
(50)
∂Ns,z
∂t
= γ(Ns ×B)z −
Ns,z
τs
(51)
with γ = g µB/~ the gyromagnetic ratio. For B applied
along the z-axis, and the boundary conditions Ns,x = N0
and Ns,y = Ns,z = 0 at t = 0, the solutions are:
Ns,x = N0 cos(ωL t) e
−t/τs (52)
Ns,y = N0 sin(ωL t) e
−t/τs (53)
Ns,z = 0 (54)
Thus, the precession of the magnetic moments in a trans-
verse magnetic field causes the projection of the particle
spin density onto the x and y axis to oscillate at the
Larmor frequency, whereas spin relaxation causes an ex-
ponential decay. Since the particle spin density has a
magnitude and a direction that varies in time, and the
particle spin density is proportional to the spin accumu-
lation, the latter also has a magnitude and direction that
varies in time. Integrating over time gives a Lorentzian
for the x-component of the particle spin density, and sim-
ilarly for the x-component of the spin accumulation:
Ns,x ∝ (∆µ)x = (∆µ)0
1
1 + (ωL τs)2
(55)
The energy spin density Es = E
↑ − E↓ describes the
difference in the energy of electrons with spin pointing
parallel (↑) and antiparallel (↓) to a given quantization
axis. The precession of the electron magnetic moments in
a transverse magnetic field causes the quantization axis
to be time dependent, and hence the energy spin density
also precesses at the Larmor frequency. To describe this,
we introduce a similar set of Bloch equations, but now
for the energy spin density, and taking into account that
a different relaxation time τQ should be used:
∂Es,x
∂t
= γ(Es ×B)x −
Es,x
τQ
(56)
∂Es,y
∂t
= γ(Es ×B)y −
Es,y
τQ
(57)
∂Es,z
∂t
= γ(Es ×B)z −
Es,z
τQ
(58)
Please note that the energy spin density can be defined
even if the particle spin density is zero. For B applied
along the z-axis, and with similar boundary conditions
(Es,x = E0 and Es,y = Es,z = 0 at t = 0) the solutions
are thus similar to Eqs. (52), (53) and (54), namely:
Es,x = E0 cos(ωL t) e
−t/τQ (59)
Es,y = E0 sin(ωL t) e
−t/τQ (60)
Es,z = 0 (61)
Since the energy spin density has a magnitude and a di-
rection that varies in time, and it is proportional to the
spin heat accumulation, the latter also has a magnitude
and direction that varies in time, effectively making the
spin heat accumulation a (time-dependent) vector. Inte-
grating over time gives a Lorentzian for the x-component:
(∆Ts)x = (∆Ts)0
1
1 + (ωL τQ)2
(62)
In the main text it was shown that the voltage across
the tunnel contact has two independent contributions
from, respectively, the spin accumulation and the spin
heat accumulation. This applies to the static case as well
as under dynamic conditions. The Hanle voltage signal
is thus a superposition of two voltage signals:
∆VHanle =
(
PG
2 e
)
∆µ+
(
PL S
2
)
∆Ts (63)
The Hanle line shape is thus also a superposition of
two Lorentzian curves with different amplitude and line
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width, determined by ∆µ and ∆Ts and by τs and τQ:
∆VHanle(Bz) =
(
PG
2 e
)
(∆µ)0
1 + (ωL τs)2
+
(
PL S
2
)
(∆Ts)0
1 + (ωL τQ)2
(64)
